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Abstract 

As the fourth paper of our series of papers concerned with axiomatic 
differential geometry, this paper is devoted to the general Jacobi identity 
supporting the Jacobi identity of vector fields. The general Jacobi identity 
can be regarded as one of the few fundamental results belonging properly 
to smootheology. 

1 Introduction 

It is well known in traditional differential geometry that the totality of vector 
fields on a smooth manifold forms a Lie algebra. The proof of this fact is tremen- 
dously easy, because we can identity vector fields with derivations within the 
particular category that orthodox differential geometers have indulged in. An 
axiomatic treatment of differential geometry emancipates differential geometers 
from this comfortable adherence to their favorite category of smooth manifolds 
and forces them to confront the infinitesimal structure per se barehanded. 

The Jacobi identity occupies the central position in the structure of a Lie 
algebra, and we stumbled upon the general Jacobi identity supporting the Jacobi 
identity of vector fields from behind the very vale of infinitesimal structures 
within the framework of synthetic differential geometry in the previous century, 
for which the reader is referred to [2], [3] and [4]. This paper is devoted to the 
general Jacobi identity within our axiomatics of differential geometry, which 
will play a predominant role in a subsequent paper dealing with the Frolichcr- 
Nijcnhuis calculus. 

Our axiomatic differential geometry is an attempt to grasp the infinitesimal 
structure without fringes or frills. It seems that the term " smootheology" or 
" difjeology" is gaining momentum for the study of such an infinitesimal struc- 
ture. We think that the general Jacobi identity is one of the few fundamental 



results indigenous to smootheology. This infinitesimal structure lies at the very 
core of not only differential geometry but also many pure or applied branches of 
mathematics. We assume that the reader is familiar with our axiomatic frame- 
work of differential geometry presented in [7] and [5]. Thus we are working 
within a DG-category 

(X,R,T,a) 

in the sense of [9]. We always assume that M is a microlinear and Weil- 
exponentiable object in the category K. 

The general Jacobi identity will be dealt with in Section 0] which will be 
preceded by the more elementary treatment of the primordial general Jacobi 
identity in Section [3] The final section is devoted to the derivation of the Jacobi 
identity of vector fields from the general Jacobi identity, in which the reader is 
assumed to be familiar with [8]. 

2 Simplicial Sets 

We need to fix notation and terminology for simplicial objects, which form an 
important subclass of infinitesimal objects. Simplicial objects are infinitesimal 
objects of the form 

D n {p} 

= {(di, ...,d n ) e D n | d n ...d lk = o (V(*i, i k ) e p)} 

where p is a finite set of finite sequences (ii, ...,ik) of natural numbers between 
1 and n, including the endpoints, with ii < ... < i*. If p is empty, D n {p} is 
D n itself. If p consists of all the binary sequences, then D n {p} represents D(n) 
in the standard terminology of SDG. Given two simplicial objects D m {p} and 
D n {q}, we define a simplicial object D m {p} © D n {q} to be 

D m+n {p®q} 

where 

pffiq 

= P U {(ji + m, ...,j k + m) | (ji,...,j k ) G q} 
U{(i,j + m) | 1 < i < to, 1 < j < n} 

Since the operation © is associative, we can combine any finite number of sim- 
plicial objects by © without bothering about how to insert parentheses. Given 
morphisms of simplicial objects $i : D mi {pi} — > D m {p} (1 < i < n), there exists 
a unique morphism of simplicial objects $ : D mi {pi}©...©£) m ™{p„} — > D m {p} 
whose restriction to D mi {pi) coincides with for each i. We denote this 3> by 
$i © ... © We write D(n) for {(d, d) e D n \ d t dj = for any i j}. 
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3 The Preliminary Identity 



The principal objective in this paper is to give the general Jacobi identity and its 
proof. Our harder treatment of the general Jacobi identity in the coming section 
is preceded by a simpler treatment of the primordial general Jacobi identity in 
this section, because the latter is easy to grasp intuitively so that it prepares 
the reader for the coming general Jacobi identity. 

Proposition 1 The diagram 

id M ® W v 

M <g> VVd3 {(1) 3 ))(2i 3)} -> M<E>W D 2 

id M §Wj, | I id M ® W, D 2 

M <x> W D 2 -> M ® W D(2 ) 

id M ® W, D 2 

0(2) 

is a pullback diagram, where the assumptive mapping <p : D 2 — > £> 3 {(1, 3), (2, 3)} 
is 

(d u d 2 ) eD 2 ^ (di.da.O) G D 3 {(1,3),(2,3)} 
w/iz/e t/ie assumptive mapping ip : D 2 — > D 3 {(1,3), (2,3)} is 

(di.da) e^ 2 ^ {d u d 2 ,d 1 d 2 ) e £ 3 {(1,3), (2,3)} 

Proof. This follows from the microlincarity of M and the pullback diagram 
of Weil algebras 

Wr>3{(i,3),(2,3)} -> VV fl 2 

4 D(2) 

W/52 -> Wr>(2) 

W iD 2 

0(2) 



Corollary 2 JVe Ziawe 

M <g> VVd3 { (i, 3 ),(2,3)} = (M ® W D2 ) x M ®w D(2) (M <g> W D2 ) 
Notation 3 FFe u>z/Z wriie 

C : (M ® W D2 ) x M ®w D(2) (M ® W D2 ) -> M ® W D 
/or i/ie morphism 

^id M ® W de £) h _ ) .(o,o,d)e£)3{(i,3),(2,3)},') / V i g2^ o 

: x Wd(2) W D 2 = W fl2 x Wd(2) W D 2 -^M®W d 



3 



The following is the prototype for the general Jacobi identity. 
Theorem 4 (The Primordial General Jacobi Identity) The three morphisms 



C* 2 -* 1 : (M®Wd*) x M8VVd(2) {M®W D 2) x M(SWd(2) {M®W D 2) 

12 3 

-¥ (Af g> W D2 ) x M ®w DC2) (M ® W D 2) C (M®W D )x (Af g W D(2} ) 



C* 3 "* 2 : {M®W D 2) x MWd( „ {M®W D 2) x M8W (M®W D 2) 

12 3 



(M ® W D a) x M ®w D(2) (Af ® W D2 ) C (M ®W D )x(M® Wj, (J) ) 



C* 1 "* 3 : (M(8)W D2 ) x M0Wo(2) (Af ®WdO XAfaiWDp) (Af <g>W D 2) 

12 3 

-> (Af g> W D2 ) x M8iWD (Af ® Wd2) C~ (Af ® W D ) x (Af g> W D (a)) 

3 1 — * 

sum up only to vanish, where the numbers under ( Af ® Wd 2 ) are given simply 
so as for the reader to relate each occurrence of (M ® Wd 2 ) to another, and the 
unlabeled arrows are the canonical projections. 

The proof of Theorem 2] is based completely upon the following theorem. 

Theorem 5 The diagram 

id M ® W,d2 Af (8) >Vr)2 id M <g> W, D 2 

D(2) D(2) 
/ t \ 

Af®W D (2) M®W E M ®W D (2) 

id M ® W. D 2 t / \ t id M ® W. D 2 

D(2) 0(2) 

Af (g> W D 2 A/ ® Wr32 

\ / 

id M ®W,r>2 M®yV D(2 ) id M ®W, D 2 

D(2) D(2) 

is a Zirmf diagram, where the assumptive object E is 

^{(1,3), (2,3), (1,4), (2,4), (3,4)} 

and the assumptive mapping i^ 2 ) ■ ^(^) — ^ D 2 is (4,4) £ f(2) >— >• (4,4) S 
Z? 2 7 w/iiZe i/ie i/iree unnamed arrows M eg) We — >■ Af ® Wrj^ are idM ® (i 
1 . 2, 3) counterclockwise from the top with the assumptive mappings U : D 2 —± E 
(i = 1, 2, 3) being 

h ■ (4,4) efl 2 ^ (4,4,0,0) e £ 
Z 2 : (4,4) £ L> 2 h> (4,4,44,0) e £ 

? 3 : (4,4) e £> 2 (4,4,0,44) e £ 
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Corollary 6 VFe ftave 

(M ® W D2 ) x M ®w D(2 ) (M <g> W D2 ) x A f®w D(2 ) (M <8> Wij2) 
= M ® 

This theorem follows directly from the following lemma. 
Lemma 7 The following diagram is a limit diagram of Weil algebras: 



w tD 2 t S \ t n> 

£>(2) 0(2) 



Proof. Let 71,72,73 € W/52 and 7 e so that they are the polynomials 
with coefficients in k of the following forms: 

ji(Xi,X 2 ) = a + a\X\ + a 2 X 2 + a\ 2 X\X 2 
li(X u X 2 ) = b + b 1 X 1 + b 2 X 2 + b 12 X x X 2 
j 3 (X u X 2 ) = c + c 1 X 1 + c 2 X 2 + c 12 X x X 2 
l(X 1 ,X 2 , X 3 , X 4 )=e + e x X x + e 2 X 2 + e X2 X x X 2 + e 3 X 3 + e 4 X 4 

The condition that W- D 2 (71) = W- D 2 (72) = W. D 2 (73) is equivalent to the 

l D(2) % D(2) l D(2) 

following three conditions as a whole: 

a = b = c 
di = 61 = Cl 
a 2 = b 2 = c 2 

Therefore, in order that (7) = 71 , Wi 2 (7) = 72 and Wi 3 (7) = 73 in this case, 
it is necessary and sufficient that the polynomial 7 should be of the following 
form: 

■y(X 1 , X 2 , X 3 , X 4 ) = a + a 1 X 1 + a 2 X 2 + a 12 X x X 2 + (b 12 - a 12 )X 3 + (c 12 - a 12 )X 4 
This completes the proof. ■ 
Theorem 8 The diagram 



id M <8> t 1/ \ t idM ® W v 



id M 




M 

/ 


2>Wc 
t 


\ 


id M 




M<? 


■)W D 2 

t 


M 

/ 


8) Wi? 


\ 


m e 


)W D 2 

t 


Mi 


3 W c 






/ 


M( 




id M 






5% 




id A f 
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is a limit diagram, where C stands for 

£ 3 {(1,3),(2,3)} 

and the three unnamed morphisms go contraclockwise from the top as follows: 

id M ® VV( dl ,d 2 , (i 3)er» 3 {(i,3),(2,3)}i-»-(d 1 ,<j2,d3,o)gE : M ® We -> M <g> Wc 

id M ® W( rfl)d2;d 3) eD 3 {(1]3)) (2 i 3)} M .( dl!( j 3i(ild2 _ ( i3 !(J 3) eE : M ®W E -> M <8> Wc 

id M ® W( dl)d2!d3 ) eD 3 {(1] 3 ))( 2 >3 )}H4.(d 1 ,d 3 ,o,<i 1 d2-d3)eB : M <g> W E -> M <g> W c 

This theorem follows directly from the following lemma. 
Lemma 9 The diagram 



W v t S \ t Vfy 



w^ 


/ t 


\ 


w v 


W D 2 


w s 




W D 2 


t 




\ 


t 




\ 




W c 


w^ 


W D 2 




w v 



is a limit diagram, where the three unnamed morphisms go contraclockwise from 
the top as follows: 

W(d lj d 2) rf a )e£) 3 {(l,3),(2,3)}i^-(di ) rf 2 ,d3,0)eB : Wb -» Wc 
W( dlid2) rf 3 ) e£ )3{( 1) 3) ! (2 I 3)}^.(d ll( i 2 ,d 1 d 2 -d 3) rf3)eE : Wb -)• Wc 

W(d 1 ,d 2 ,rf 3 )en 3 {(i^),(2,3)}^(d 1 ,rf 2 ,o,rfi(i 2 -d3)G-E : Wb -> Wc 

Proof. By the same token as in Lemma [7] ■ 

Proof, (of the primordial Jacobi identity) . The morphism 

C* 2- * 1 : (M <g> W^) x M ®w D(2 , (M 8> W D2 ) x MW (M ® W D2 ) -> Wd 

12 3 

is the composition of 

id M ® W(d 1 ,d 2 ,d 3 )eZ3 3 {(i,3),(2,3)}i-4-(di,(i 3 ,d3,o)eE 

: (M ® Wd2) x Am w D(2) (M ® W D 2) x Af8V v (M <g> W/32) = M ® W E ->• M ® W c 

12 3 

= (M <g>W D 2) x J/8W (-M ® W D 2) 
1 2 

and 

C : (M <8> W D 2) x M ®w D(2) (M ® W D 2) -)• M <g> W D 
1 2 

in succession, which is in turn equivalent to 

idn ® WdeD^(o,o,d,o)eE 
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The morphism 

C* 3 -* 2 : (M ® Wd 2 ) xm»w d(2) (MO W^) x M ®w D(2) (M <8> W^) -> M®W D 

12 3 

is the composition of 

idM <8> W(d 1 ,d 2 ,d 3 )er> 3 {(l : 3),(2,3)}H^((ii,(i2^id2-<i3:rf3)e-E 

: (M ® W D2 ) x m ®w d(2) (M ® W D 2) x M ®w D(2) (M ® W D 2) = M (g>W E ->• M <g> W c 

12 3 

= (m <g> nv) x M0Wd (m o w d2 ) 

2 3 

and 

C : (M <8> W D 2) x M ®w D(2) (M <g) W D 2) M®W D 

2 3 

in succession, which is in turn equivalent to 

id M ® WdeD^(o,o,-d,d)eE 

The morphism 

C* 1 "* 3 : (M®W D 2) x M8Wfl(2| (M®W D 2) x„ gw (Meg) W^) -^M®W D 

12 3 

is the composition of 

id M ® >V( ( i 1 ^ 2 ,d3)ei3 3 {(i,3),(2,3)}^(d 1 ,d 2 ,o,d 1 d 2 -d 3 )e£; 

: (M ® W D2 ) x M0W (M ® W D2 ) x m ®w d(2) (M <8> W D2 ) = M <g> W E -> M ® W c 

12 3 

= (M <g> W D2 ) x M8Wd(!| (M <g> W D 2) 

3 1 

and 

(M <g> W D 2 ) x M gw (M (8) W D 2 )4M®W fl 

3 1 

in succession, which is in turn equivalent to 

id M ® yVdeD^(o,o,o,-d)eE 

Therefore 

£* 2 — *1 _|_ £*3~ *2 _|_ *3 

: (M ® W D 2) x M ®w D(2) (M W D2 ) x M8Wb(2| (M ® W^) 4M®W D 

12 3 

is equivalent to 

(idM ® Wd£D^(d,d4)£D(3)) (idM ®W(d 1 ,d 2 ,d3)eD(3)^(0,QA 1 -d 2 ,d 2 -d 3 )£E) 

= id M ® (Wd e £) M .((i 1 d,(i)e£»(3) ° W(d lj d 2i< j 3 ) e £)(3) h ^.(o,o,di-d2,d2-<i3)e£) 
= id M ® Wd e _DH^(o,o,o,o)e£ 

This completes the proof. ■ 
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4 The Main Identity 

Proposition 10 The diagram 



id M ® W v 3 



M <g> W£>4 {(2)4)i( 3 )4)} ->■ M®W D 3 

id M <8> WLs | | id M ® W. D 3 

1 D 3 {(2,3)} 

id M <g> W iD 3 

D3{(2,3)} 

is a pullback diagram, where the assumptive mapping <p\ : D 3 — > D 4 {(2,4), (3,4)} 
is 

{d u d 2 ,d 3 ) efl 3 ^ {d 1 ,d 2 ,d 3 ,0) e i? 4 {(2,4),(3,4)} 

w/ii/e i/ie assumptive mapping ipf : D 3 — > D 4 {(2,4), (3,4)} is 

(d u d 2 ,d 3 ) G # 3 ^ (di, da, d 3 , d 2 d 3 ) G # 4 {(2, 4), (3, 4)} 

Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 

Wij4{(2,4),(3,4)} ~> Wd 3 

1 D 3 {(2,3)} 

W_D3 -> Wd 3 {(2.3)} 

W. D S 

D 3 {(2,3)} 



Corollary 11 We have 

(M ® W D3 ) x M ®w £ ,3 {(2 , 3)} ( M ® W ^ 3 ) 
= M ® W D 4 {(2i 4 )i(3i4)} 

wit/i i/ie diagrams 

(M ® W D3 ) x M ®w D 3 {(2 , 3) j ( M ® W ^ 3 ) M 

II 2 J 



id M <S> W v 3 



and 



(M <8> W D3 ) x MWjS{(!3)) (M <g> Wr.3) -> MO W D 3 

ii 2 3 

M ® W£>4 {(2) 4 )i(3)4)} -> M»W fl 3 

id M <8> W^3 

being commutative, where the unnamed arrows are canonical projections. 
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Notation 12 We will write 

O ■ (M ® W D 3) xm®w d3{(2>3)} (Af <8> Wz5 3 ) -> M ® W D 2 
/or i/ie morphism 

id M ® W(d 1 ,d 2 )el5 2 ^(d 1 ,0,0,(i2)e-D 4 {(2,4),(3,4)} 

: (M®W D3 ) Xm®w d3{(2 , 3)} (M®W D3 ) 

= M ® VVc<i{(2,4),(3,4)} 

M (g) ^£,2 

Proposition 13 TTie diagram 

M ® Wd*{(i,4),(3,4)} id M ® >%,| M®W D 3 
id M ® Wj,3 4. | id M ® W, D 3 

2 ^ D 3 {<1,3)} 

M(8)>Vd3 id M ®W iD 3 M <gi W D 3 {(li3)} 

D3{(1,3)} 

is apullback diagram, where the assumptive mapping ip\ : -D 3 — > Z? 4 {(1,4), (3,4)} 
is 

(di,d 2 ,d 3 ) efl 3 ^ (di.da.ds.O) e i? 4 {(l,4), (3,4)} 
while the assumptive mapping : D 3 — > Z) 4 {(1,4), (3,4)} is 

(d u d 2 ,d 3 ) eD 3 ^ {d 1 ,d 2 ,d 3 ,d 1 d 3 ) e # 4 {(1,4), (3,4)} 

Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 

Wd"{(1,4).(3,4)} -> 

2 D 3 {(1,3)} 
W D 3 -> Wfl 3{ (1.3)} 

W. D S 

D3{(1,3)} 



Corollary 14 We have 

(M <g> W fl 3) Xm®w d3{(1 , 3)} ( M ® W ^ 3 ) 
= M <S> W D 4 {(li 4 )i(3i4)} 

wi£/i i/ie diagrams 

{M®W D 3)x M ® WD3i(im (M®W D 3) -> M®W/,s 

M (8) Wfl4 { (i,4) i( 3,4) } -> M®Wr)3 

id M ® W^s 
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(M<8> W D s) Xm®w d3{(1|3)} (M® W D 3) -> M<g>W D 3 



M® W D 4 {(M)j(3 , 4)} ->• M(g>W D 3 

id M ® VV^a 

6em<? commutative, where unnamed arrows are canonical projections. 
Notation 15 We will write 

C/ 2 : (M ® W D s) Xm®w d3{(1 , 3)} ( M ® W ^ 3 ) M ® W ^ 
for the morphism 

id M <8> W(d 1)( j 2 ) e D2 1 -».(o,di,o,d2)er> 4 {(i,4),(3,4)} 
: (M® Xm8W d3{W)) (M®W d3 ) 

= M <g> W D 4{(1,4),(3,4)} 
-> M ® ^2 

Proposition 16 TTie diagram 

id M W v 3 

M (g) W D 4 { ( 1:4 ) i(2:4 ) } -)■ M(g)W D 3 

id M ® Wj,3 I | id M ® W, D 3 

D3{(1,2)} 

M(g)Wr>3 -> ^®Wd3 {(1: 2)} 

id M ® W, D 3 

D3{(1,2)) 

is apullback diagram, where the assumptive mapping ip\ : D 3 — > D 4 {(1,4), (2,4)} 
is 

{d u d 2 ,d 3 ) efl 3 ^ {d 1 ,d 2 ,d 3 ,0) e Z? 4 {(1,4), (2,4)} 

while the assumptive mapping ip 3 : D 3 — > D 4 {(1,4), (2,4)} is 

(d u d 2 ,d 3 ) eD 3 ^ {d 1 ,d 2 ,d 3 ,d 1 d 2 ) £ £ 4 {(1,4),(2,4)} 

Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 

W„3 

W ,D 4 {(1,4).(2,4)} -> Wd 3 

3 '^{(1,2)} 

Wr.3 -> W£,3 {( l i2 )} 

W, D 3 

D3{(1,2)} 
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Corollary 17 We have 

(M ® W D s) x m ®w d3{(1i2)} (M ® W D3 ) 

= M (8) W D 4{(1,4),(2,4)} 

wii/i i/ie diagrams 

(M <g> W D 3) x M ®w D 3 {(1 , 2)} (Af ® -> M ® W D 3 

II 1 \\ 

M <g> Wd4{(1,4),(2,4)} -> M®W£)3 

id M ® >%,3 

and 

(M<8>Wr.3) x M ®w D3 , n 2n (M®W D s) -> M®W D 3 

1 1(1,2,1 2 2 

II II 
M (g) W£>4 { ( M)i ( 2) 4) } -> M®W D 3 

id M ® W^s 

being commutative, where unnamed arrows are canonical projections. 
Notation 18 We will write 

(3 : (M ® W D3 ) x MW „ S((1!]) (M ® Wr.3) -> M <8 
/or i/ie morphism 

id M <8> W(d 1 ,d 2 )eij2 1 ->.(o,o,di,(i2)€r> 4 {(i,4),(3,4)} 
: (M®Wr>3) xm®w d3{(1 , 2)} (M ®W d s) 

= M <g H 7 £) 4 {(li 4 )i(2i 4 )} 

-> M (g) 

Notation 19 We wiH write i\ it i 24 arte? ig 4 /or the assumptive mappings 
(di.cfe) G D(2) ^ (di,0,0,d2) G J D 4 {(2,4),(3,4)} ; 
(di.da) G D(2) ^ (0,d 1; 0,d 2 ) G £ 4 {(1,4),(3,4)} 

and 

(di, d 2 ) G £)(2) i ^ (0, 0, duck) G ,D 4 {(1, 4), (2, 4)} 

respectively. 

Proposition 20 The diagram 

id M <8 >%j 

-> M ® Wd4 { (2,4),(3,4)} 

id M ®W % i | | id M «>>V,i 4 

M (g Wd4{( 2j 4),(3,4)} -> M8W D (2) 

id M ® W.1 
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is a pullback, where the assumptive object E[l] is 

D 7 {(2, 6), (3, 6), (4, 6), (5, 6), (1, 7), (2, 7), (3, 7), (4, 7), (5, 7), (6, 7), (2, 4), 
(2, 5), (3, 4), (3, 5)}, 

the assumptive mapping 

?7l 1 : J D 4 {(2,4),(3,4)}^ J B[l] 

is 

{d u d 2 ,d 3 ,d i ) e£ 4 {(2,4),(3,4)}^ 
(di,d 2 ,d 3 ,0,0,d 4 ,0) 

and i/ie assumptive mapping 

r /2 1 :^ 4 {(2,4),(3,4)}^i?[l] 



is 

(di,d 2 ,d 3 ,d 4 ) G £ 4 {(2,4),(3,4)}^ 
(di,0,0,d 2 ,d3,d4,did 4 ) £ £[1]. 

Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 



>7i 



We[i] ->■ VV , £)4{(2 ) 4) 1 (3 ) 4)} 

Wfl4|( 2 ,4),(3,4)} -> VVr 



/ n(2) 



Notation 21 We i/>zH wrzie ij ; t 2 ; 4 arl1 ^ 4 / or ^ e assumptive mappings n\oip\, 
r)\ o ipf, 772 V? ^2 ° V'l respectively. That is to say, we have 
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(di,d 2 ,d 3 ) ei) 3 ^ (d 1; d 2 ,d 3 , 0,0, 0,0) g £[l] 



(di,d 2 ,d 3 ) e L> 3 ^ (di,d 2) d 3) 0,0,d 2 d 3 ,0) e £[1] 
(di,d 2 ,d 3 ) e D 3 ^ (di,0,0,d 2 ,d 3 ,0,0) e £[1] 
(di,d 2 ,d 3 ) G -D 3 i— > (di,0,0,d 2 ,d 3 ,d 2 d 3 ,did 2 d 3 ) G £[1] 

Corollary 22 VFe /iawe 



(M (g) W D 3 ) 
xm®w d3{(2i3)} 
(M® W D3 ) 

M <g> W B[ i] 



{M®W D s) 

XM®W D(2) I X M®W d3{(23 )} 

(M W/j3 ) 
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with the diagrams 



1 (m®w d ^ ^ 

X M®W D 3 {(2 , 3) } 



M®W D s 

2 



XM®W D(2) 



M®W E[1] 



M ® W D s 

4 



id M ® W 



i 

xm®w d3{(2i3)} 



M W D 3 

2 



M<S> 

VVl34{(2 i 4) i (3 i 4)} 



and 
( 



M®W 



D- 



Xm»W d3{(2j3)} 



M®W D 3j j 



X M«W„ 



(2) 



: M«.W d3{(2j3)} 



4 



M®W D 3 

3 

xm®w d3{(2i3)} 



4 



M ® W E[1] 



id M ® W. 



Wd 4 {(2,4),(3,4)} 



^2 



fremg commutative, where unnamed arrows are canonical projections. 
Proposition 23 The diagram 



id M ® y\> n i 



id M ® 1%2 

M®W E [2] -> M ®W D i {{ i A ),{ZA)} 

I I idM ® yvq 4 

M ® W D 4 {( i )4 ),(3,4)} -> M®W D(2) 

id M ® 



is a pullback, where the assumptive object E[2] is 

D 7 {(1, 6), (3, 6), (4, 6), (5, 6), (1, 7), (2, 7), (3, 7), (4, 7), (5, 7), (6, 7), (1, 4), 
(1,5), (3,4), (3,5)}, 

the assumptive mapping n\ : Z? 4 {(1,4), (3,4)}} — > E[2] is 

{d 1 ,d 2 ,d 3 ,d 4 ) G^ 4 {(1,4),(3,4)}^ 
(d u d 2 ,d 3 ,0 7 0,d 4 ,0) £ E[2], 

and the assumptive mapping n\ : D {(1,4), (3,4)} — > E[2] is 

(d u d 2 ,d 3 ,d i ) e £ 4 {(1,4),(3,4)}^ 
(0,d 2 ,0,d 1 ,d 3 ,d4,d 2 d 4: ) G E[2\. 
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Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 



We[2\ -> Wdi{(1A),(3-A)} 

Wd 4 {(1,4),(3,4)} -> W_D(2) 

W,2 



Notation 24 We wrzie i 2 , i| and t| /or the assumptive mappings r][oip\, 
Vi ° V 1 !; ^2 ° ^2 an d V 2 ° "02 respectively. That is to say, we have 

i\ : {d u d 2 ,d 3 ) G D 3 ^ {d 1 ,d 2 ,d 3 ,0,0,0,0) G E[2] 

i\ : (d 1 ,d 2 ,d 3 ) G D 3 ^ (d 1 ,d 2 ,d 3 , 0,0, d 2 d 3 ,0) G E[2] 

4 : (d 1 ,d 2 ,d 3 ) G D 3 i— > (0,d2,0,d 3 ,di,0,0) e E[2] 

i\ : (d 1 ,d 2 ,d 3 ) G D 3 i ^ (0,d 2 ,0,d 3 ,d 1 ,did 3 ,d 1 d 2 d 3 ) G £[2] 

Corollary 25 We Ziove 

(M®>Vr,3) \ / (M(8)Wr,3) 

XM®W D(2) X M®W D 3 {(13)} 

V (M®W D3 ) 



XM®W D 3 {(li 3 )} 



= M <g> W B [2] 
wii/i f/ie diagrams 



( 



M ® % 
i 



\ 



X M®W D 3 {(1 ,3)} 



M ® W D 3 

2 



XM®W D(2) 



3 

XM ®Wr.3 {( i, 3 )} 



4 



M ® Wr.3 
i 

XM®W d3{(1 ,3 )} 



M ® W D s 

2 



M (gi W B[ 2] 



XM«.W D 3 {(1 , 3)} 



2 



M <8> W fl 3 

4 



id 



M 



Wd 4 {(1,4) ,(3,4)} 



M Wr.3 

XM®W D 3 {(li 3 )} 

M <S> % 

4 



M ® W E[2 ] 



id M ® W^i 



Wr>4{(l,4),(3,4)} 
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being commutative, where unnamed arrows are the canonical projections. 
Proposition 26 The diagram 



id M ® W v 3 



id M O 

M^W^p] -s- M <g> Wr>4 {(M))(2)4)} 

I I id M ® Wij 

M ® W D 4 {( i )4 ),(2,4)} -> M®W D(2) 

id M ® 



is a pullback, where the assumptive object E[3] is 

D 7 {(1, 6), (2, 6), (4, 6), (5, 6), (1, 7), (2, 7), (3, 7), (4, 7), (5, 7), (6, 7), (1, 4), 
(1,5), (2, 4), (2, 5)}}, 

the assumptive mapping n\ : Z) 4 {(1,4), (2,4)}} — > E[3] is 

{d u d 2 ,d 3 ,d i ) £fl 4 {(l,4),(2,4)}^ 

{d u d 2 ,d 3 ,0,0,d 4 ,0) eE[3], 

and the assumptive mapping 77I : D 4 {(1,4), (3,4)} — > E[3] is 

(d u d 2 ,d 3 ,d 4 ) e Z? 4 {(1,4),(2,4)}^ 

(0, 0,d 3 ,d 1 ,d 2 ,d 4 ,d 3 d 4 ) e E[3}. 

Proof. This follows from the microlinearity of M and the pullback diagram 
of Weil algebras 



>%1 



W E[3 ] 



-> VVd4{(i ) 4) i ( 2) 4)} 

I W,3 



Wfl*)(1.4),(2.4)) -> 

W,-3 



D(2) 



Notation 27 We wz/? wrzie if, if; ^3 a7J d <-4 / or ^ e assumptive mappings rjioip^, 
Vi V2 V3 ari ^ ^2 ^3 respectively. That is to say, we have 

• {di,d 2 ,d 3 ) e D 3 ^ (di,d 2 ,d 3 ,0,0,0,0) 6 £[3] 

(di,d 2 ,d 3 ) e L> 3 ^ (di,d 2 ,d3,0,0,did 2 ,0) e B[3] 

(di,d 2 ,d 3 ) efl 3 4 (0,0,d 3 ,di,d 2 ,0,0) e £[3] 

(di,d 2 ,d 3 ) e L> 3 1 ^ (0,0,d 3 ,di,d 2 ,did 2 ,did 2 d 3 ) £ £[3] 

Corollary 28 We /iGwe 

(M<8)Wr.3) \ / (M<8)Wr.3) 

XM®W D 3 {(li2)} x m ®w d(2) X M®W D 3 {(li2)} 
(M<8)Wr.3) / V (M<8)Wr.3) 

= M <g> W B [ 3 ] 
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with the diagrams 

1 <M <g> W D s 
1 

XM®W r , 3{(1 ,2 )} 

M O W£)3 

2 



1 

XM«.W D 3 {(1 



2 



\ / 

X M®W D(2) 



2)} 



M ® W B [3] 

\ / 

X M®W£, ( 2) 



/ 



M ® W B[3 ] 



M ® W D s 

3 

XM ^((l,2)} 



V 



M <g> W D 3 

4 



V 



M®W D s 

XM®W d3{(1 ,2 

M(g)>Vz33 

4 



id M ® 



id M ® W n 3 



i 

; m®w d3{(12)} 



m ® w D 3 

2 



M<g> 

W £) 4|-( 1 4 )(2 ,4)} 



XM ®W D 3 {(li 2 )} 

M<g> W D 3 

4 
II 

M<g> 

Wd*{(1 ,4), (2, 4)} 



&em<? commutative, where unnamed arrows are the canonical projections. 

Now we come to the crucial step in the proof of the general Jacobi identity. 
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Notation 29 A limit of the diagram, 



(M®W D 3) 

231 

(M® W D s) 

132 
t 

/ (M®W D 3) \ 

132 

Xm<8.W d3{(1j3)} 

(M ® Wd3 ) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 

213 

Xm<8.W d3{(1j3)} 

{M®W D s) 

\ 231 / 



/ (M®W D3 ) \ 

321 

XM«.W £)3{(2>3)} 

(M®W D3 ) 

231 / 

X M8W D (2) 

132 

xm«.w d3{(2>3)} 
(M® W D 3) 



123 



(M®W D3 ) 

312 

X M 

(M® W D s) 

213 



\ 



123 

X A f 

(M ® Wd3 ) 

321 
t 

/ (M®W D .) \ 

213 

xm«.w d3{(12)} 

\ 123 / 

XM®W D(2) 

/ (M®W D3 ) \ 

321 

X A f«.W D3{(12)} 

(M®W D3 ) 

\ 312 



/ 
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with every arrow being the canonical projection is denoted by 



( (M®W D3 ) \ 

321 

Xm«.W d3{(2j3)} 

(M® W D3 ) 

231 

XAf«.W D(2) 

/ {M®W D 3) \ 

132 

XM«.W D 3 {(2 ,3) } 

(M ® Wo 3 ) 

123 



X M8W„3 



/ (M®W DS ) \ 

132 

Xm«.W d3{(1>3)} 

(M® W D3 ) 

312 

XM®W D (2) 

/ (M®W D3 ) \ 

213 



XM®W D3eD 3 



V 



Xm<8.W d3{(1>3)} 

(I8W DS ) 

231 



-M«W„ 3fi 



/ (M®W DS ) \ 

213 

XM(8.W d3{(1>2)} 

(M<E)W D s) 

123 
XM®W D(2) 
/ (M®W D a) \ 
321 

Xm<8.W d3{(1j2)} 

(M ® Wd3 ) 

312 



We can compute the above limit. 
Theorem 30 The diagram 



id M ® W h 2 



is a limit diagram with the three unnamed arrows being 



id M ® W ft ; 2 


v/ 


M O W E[ i] 
t 


id M (8 W^i x 

\ 






M(g) W G 


M O W D 3 ffi£1 3 


t 






\ t 


M <g> W B [2] 


\ 




M ® W B[3 ] 


id M ® W ft 2 3 




M® W D 3 ffi£) 3 


id M (8) W^s 3 



id 



M 



id M ® W fel 
id M ® W fe2 
id M <X> W fe3 

where the assumptive object G is 



M ® W G -> M (8 W B[ i] 
M®W G ^M® W B[2 ] 
M ® W G -> M <g> W B[3 ] 



D 8 {(2, 4), (3, 4), (1, 5), (3, 5), (1, 6), (2, 6), (4, 5), (4, 6), (5, 6), (1, 7), (2, 7), (3, 7), 
(4, 7), (5, 7), (6, 7), (1, 8), (2, 8), (3, 8), (4, 8), (5, 8), (6, 8), (7, 8)} 7 
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the assumptive mapping k\ : E[l] — > G is 

(d 1 ,d 2 ,d 3 ,d i ,d 5 ,d 6 ,d 7 ) E E[l] ^ 
(di,d 2 + di,ds + d 5 , d 6 - d 2 d 3 - d 4 d 5 , -did 5 ,did 4 , d 7 + d\d 2 d 3 , did 2 d 3 ) e G, 

the assumptive mapping k 2 : E[2] — > G is 

(di, d 2 , d 3 , d 4 , d 5 , d 6 , d 7 ) e E[2] ^ 
(di + d 5 , d 2 ,d 3 + d 4 , -d 2 d 3 ,d e - d\d 3 - d 4 d 5 , did 2 , d 2 d 4 d 5 , d 7 ) G G, 

the assumptive mapping k 3 : E[Z] — > G is 

(di,d 2 ,d 3 ,d 4 ,d 5 ,d 6 ,d 7 ) € E[Z] ^ 
(di + di, d 2 + d 5 , d 3 , -d 4 d 5 , -d\d 3 , da, —d 7 , —d 7 + d 3 d 4 d 5 ) e G, 



the assumptive mapping h\ 2 


is 


4e 


3 L 3> 


the assumptive mapping h\ 2 


is 




3*?, 


the assumptive mapping h\ 3 


is 




3*3, 


the assumptive mapping h\ 3 


is 


i\ e 


3*?, 


the assumptive mapping h\ x 


is 




3*3, 


and the assumptive mapping h\ t 


is 





^4 © L\ ■ 
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Corollary 31 We have 



XM®W D3eD 3 



/ (M<8>W D s) 

321 

Xm®W d3{(2 ,3)} 

(M(S>W D 3) 

231 

X M«)W D(2) 

/ (M®W D3 ) \ 

132 

xm®w d3{(2i3)} 
(M®W D s) 

\ 123 / 



XM(g>W D3eD 3 



/ (M(8)W D s) \ 

132 

XM®W D 3 {(li3)} 

(M ®W D s) 

312 

X «8W D( 2) 

/ {M®W D3 ) \ 

213 

Xm®W d 3 {(1i3)} 
(M (g> W D a) 



231 



= m ®yv G 

with the diagrams 



A 



x m»w d39d3 



( (1®%) \ 

213 

XM®W d 3 {(1 , 2)} 

(M ® Wfl3 ) 

123 

X M®W D(2) 

/ (M0W D3 ) \ 

321 

xm®w D 3 {(1i2)} 
(M®W D3 ) 

312 



/ {M®W D z) \ 

132 

XM®W D 3 {(lj3)} 

(M (gi Wds) 

312 

X «8W D (2) 

/ (M(8)>V D s) 

213 

XM®W D 3 {(lj3)} 

(Af ® W D 3) 

\ 231 



M<E)W G 



— > 



id 



M 



<m 2 



M <g> VVe[2] 
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/ (M<8>W D 3) \ 



213 

xm®w d3{(12)} 
(M <S> Wd 3 ) 



A 



M®W G 



123 

X M®W D( 2) 

/ (M®W D z) \ 

321 

xm®w d3{(1j2)} 
(M(g)W D 3) 

312 
II 

M <g> W B[ 3] 



id M (g) W fe3 

feeing commutative, where A m i/ie a&oue diagram is 



( (M®W D 3) \ 

321 

Xm«.W d3{(2j3)} 

(M®W D 3) I 

231 / 

XM«)W D(2) 

/ (M<g>W D3 ) \ 

132 

XM(8.W D 3 {(2j3)} 

(M®W D 3) 

123 



XM®W D3eD 3 



/ (M®W DS ) \ 

132 

XM.g.W D 3 {(lj 3 )} 

(M ® W D s) 

312 

X M»W D(!) 

/ (M®W„3) \ 

213 

XM«.W D 3 {(lj 3 )} 

(M® W D3 ) 

231 



X M®W D3ffiD 3 



XM®W D3eD 3 



/ (M®W D 3) \ 

213 

XM«.W D 3 {(lj2)} 

(M® W D3 ) 

123 

X M®W D(2) 

/ (M®W D3 ) \ 

321 

XM«.W D 3 {(lj2)} 

(M® W D3 ) 



312 



and unnamed arrows are the canonical projections. 

The proof of the above theorem follows directly from the following lemma. 
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Lemma 32 The following diagram is a limit diagram of Weil algebras: 



12 




'31 



\ 



12 



Wd 3 ®d 3 
t 

We[2] 



\ 



t 

W B[3 ] 



31 



23 



W_D3 e£) 3 



23 



Proof. Let 71 G VVe[i], 72 G VV^p], 73 G W B p] and 7 G Wg so that they 
are polynomials with coefficients in k of the following forms: 



7i(Xi,X 2 , X 3 , X 4 , X 5 , X 6 , X 7 ) 

= a 1 + alXi + a\X 2 + a\X 3 + a\X 4 + a\X b + a\X 6 + a\X 7 + ol 2 XiX 2 + a\ 3 X 1 X 3 + 
a\ 4 X\Xi + 0^5X1X5 + o\ 6 XiXq + 033X2X3 + 045X4X5 + 0^23X1X2X3 + 0^45X1X4X5 

72(Xi, X 2 , X 3 , X 4 , X 5 ,X 6 , X 7 ) 

= a 2 + ofXi + o^X 2 + ajX 3 + a\X A + 0^X5 + o^Xe + a 2 7 X 7 + a\ 2 X x X 2 + of 3 XiX 3 + 



73(Xi, X 2 , X 3 , X 4 , X 5 , X 6 , X7) 

= o 3 + o?Xi + o^X 2 + 03X3 + o^X 4 + 05X5 + o^X 6 + 0^X7 + o? 2 XiX 2 + 0^3X1X3+ 
033X2X3 + 0^4X3X4 + 035X3X5 + 0^5X3X6 + O45X4X5 + 0123X1X2X3 + 0^45X3X4X5 

7(Xi, X 2 , X 3 , X4, X 5 , X 6 , Xr, X 8 ) 

= 6 + &1X1 + 6 2 X 2 + 63X3 + 64X4 + 05X5 + 6 6 X 6 + 07X7 + 6 8 X 8 + 612X1X2 
+ 613X1X3 + 614X1X4 + 623X2X3 + 625X2X5 + 636X3X6 

It is easy to see that 

W /l i 2 (7i)(Xi,X2,X3,X4,X 5 ,X 6 ) 

= a 1 + o}Xi + o^X 2 + a\X 3 + 0^X2X3 + o} 2 XiX 2 + 0^3X1X3 + a} 6 XiX 2 X 3 + 0*3X3X3 
+ 0^33X1X3X3 + 0^X4 + 04X5 + 05X6 + 014X4X5 + 0^5X4X6 + 045X5X6 
+ 0^45X4X5X6 

= a 1 + aJXi + a\X 2 + a\X 3 + a\ 2 X x X 2 + aJ 3 XiX 3 + {a\ + a\ 3 )X 2 X z 

+ ( a 16 + 0123)^1^2X3 + 0^X4 + 04X5 + 05X6 + 014X4X5 + 015X4X6 + 045X5X6 
+ 0145X4X5X6 
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w hl2 ( l2 )(x 1> x 2 ,x 3 ,x A ,x 5 ,x 6 ) 

= a 2 + a\X 2 + a\X 3 + a\X x + alXiX 3 + a 2 7 X x X 2 X 3 + a\^X 2 X z + a 2 25 X x X 2 
+ o,2qXiX 2 X% + ei4g.X1.X3 + a2^X\X 2 X^ + a 1 X^ + a 2 ^5 + cl^Xq + a \ 2 

X 4 X 5 

+ <Z13.X4.Xg + 023^5^6 + "123^4^5^6 

= a 2 + a^Xi + a\X 2 + a\X z + a\ h X x X 2 + (a 2 6 + al 5 )XiX 3 + aj 4 X 2 X 3 + 
(a 2 + a 2 6 + "245)^1^2^3 + a 2 X4 + a\X^ + a 2 ^6 + a \ 2 X^X^ + a 2 3 J^4^g + a^^s 

+ Cl^^X^X^Xs 

Therefore the condition that W^i (71) = W^a (72) is equivalent to the following 
conditions as a whole: 



a 1 


= a 2 






(1) 


a\ 


= <4, "2 = 


2 1 2 1 2 
0^2 ? ^3 — i ^ 2. ~ — " ^ 1 ? 


1 2 1 2 

a 4 = a 2 , a 5 = a 3 


(2) 


"12 


= a 25> "l3 


= a| + "45, 4 + a 23 = 


21 21 2 
= a 24 , a 14 — a 12 , a 15 — a 13 , 




«45 


2 

— "23 






(3) 


a 16 + a 123 


= a 2 + aj 6 


2 1 2 
+ a 245' a 145 = a 123 




(4) 



By the same token, the condition that W/i| 3 (72) = VV^s (73) is equivalent to the 
following conditions as a whole: 

a 2 = a 3 (5) 

a 2 = a h a l = a h a l = a i a 2 = a 2> "1 = a 3' a 5 = a l ( 6 ) 



a 23 ~~ a 35> a 12 — a 6 + a 45' a 6 + a 13 ~~ a 34' a 24 — a 23' a 25 — a 12> 

o 2 - o 3 
"45 — "13 

26 + "l23 = "7 + a 36 + a 345' a 245 = "l23 



(7) 

(8) 



By the same token again, the condition that W^^) = W^i^i) is equivalent 
to the following conditions as a whole: 

(9) 



a 

3 1 

"3 = "5' 



a{, a\ = a\, a\ = a\, a\ = a\, a\ = a\ (10) 



3 i3 i 1 3 1 3 13 13 1 

"l3 = "l5> a 23 = a 6 + a 45' a 6 + a 12 = "l4i a 34 = a 13i a 35 = a 23' 

a 3 5 = a\ 2 (11) 

a 36 + "l23 = "7 + "l6 + "l45> a 345 = "l23 (12) 



The three conditions ([TJ, ([5]) and ((9|) can be combined into 



a 1 = a 2 = a 3 



(13) 
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The three conditions @, © and ([TUf are to be superseded by the following 
three conditions as a whole: 









-4 


= 4 


(14) 




= 4 


= 4 


= a\ 


= 4 


(15) 


4 


= 4 


= 4 


= 4 


= 4 


(16) 



The three conditions (O, (O and ([TTj) are equivalent to the following six condi- 
tions as a whole: 





"l2 


= 4i 


= 4i 




(17) 




"l3 


= 4z 


= «13 




(18) 




a 23 


2 

— "23 


— "23 




(19) 




a 14 


= a 12 


+ «6, «15 = "13 - a 6) "45 = 


"23 


(20) 




2 
a 24 


2 

— "23 


+ "6> "25 = "12 - "6; "45 = 


"13 


(21) 




"34 


= 4z 


2 3 3 1 3 
+ a 6' "35 = "23 — a 6' "45 = 


"L 


(22) 


The conditions 


@, i 


\ and ( 


fiH]) imply that 






12 3 

a 7 + a,j + a~ 












— (4e + "123 " 


- "ie ~ 


"145) - 


f ("l 6 + al 2 3-"26-"245H 


" ("26 " 


2 3 { 
1" a 123 — a 36 ~~ a \ 


= ( a 36 + "l23 " 


~ "ie ~ 


"123) ' 


+" ("16 + "123 ~ "26 — "123) ^ 


~ ("26 " 


2 3 
1" a 123 ~~ a 36 ~~ a : 



-'345/' 
J 123) 

= (23) 

Therefore the three conditions ((4]), ([8]) and (IT21) are to be replaced by the fol- 
lowing five conditions as a whole: 



"145 


"123 


= 4 + 


"36" 


2 
"26 


(24) 


2 

"245 ~ 


2 

"123 


= 4 + 


4.6 - 


"36 


(25) 


n 3 
"345 


n 3 
"123 


= 4 + 


"26 - 


"16 


(26) 




"145 


2 

— "1231 


2 

"245 


- n 3 

— «123 


(27) 


+ 4 


+ a? 


= 






(28) 



Indeed, the condition that 0345 = a} 2 3 is derivable from the above five condi- 
tions, as is to be demonstrated in the following: 



a 



3 

345 



3 , 2 1 2 1 

x 123 "r "7 1" "26 "l6 



2 . 1 3, 2, 2 

J 123 "r "7 "36 "7 "+" "26 



"145 T "7 - "36 T "7 T u 26 
"123 + "7 + "7 + "7 
"l23 
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Now it is not difficult to see that W h i a (7i) = W^M, W^^) = W^fts) 
and W/ l 3 i (7 3 ) = W/ l i i (7i) exactly when there exists 7 £ Wg with 7$ = VVfc 4 (7) 
(i = 1,2,3), in which 7 should uniquely be of the following form: 

7(-Xi, X 2 , X3, X4, X5, Xq, Xj, Xg) 

= a 1 + a\Xx + a\X 2 + a\X 3 + a\X A + a 2 Q X b + a|X 6 + a\X 7 + a%X$ + a\ 2 X x X 2 
+ a\ 3 XiX 3 + algXiX^ + (a 23 + a\)X 2 X 3 + a 26 X 2 X 5 + a 36 X 3 X e 

This completes the proof of the theorem. ■ 

Notation 33 We will introduce three notations. 

1. We will write 



(*123— *132) — (*231— *32l) 



V 



XM®W D 3 eD 3 



132 

XM®W d3{(1 , 3)} 

(M®W D 3) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 

213 

xm»w d3{(1 , 3)} 
(M®W DS ) 

231 



V 



321 

XM ® W D3 { (2.3)) 

(M<Z>W D 3) 

231 

XM®W D(2 ) 

/ (M®W D3 ) \ 

132 

x m®w d3{(23}} 
(M®W D3 ) 

\ 123 / 



XM®W D3ffiD3 



:Mig)W D 3 fflD 3 



/ (M®W D 3) \ 

213 



Xm<8.W d3{(1j2)} 

(M ® ) 



123 

X «®W D (2) 

/ (M®W D 3) \ 

321 

:m<8.w d3{(1j2)} 
(M<8> W D3 ) 



312 



25 



for the composition of morphisms 

_A 

(M®W d3 ) (m®w d3 ) 

/ (M®Wz?3) \ 

321 

XM®W £ , 3{(2>3)} 

(M ® Wd-i) 

231 

x Af®W D( 2) 

/ (M(g)Wz53) \ 

132 

X M«.W £ ,3 {(2 . 3)} 

(M ® Wd-i) 

123 



XM®W D s eD 3 



/ (M®W D s) \ 

132 

Xm»W d3{(1 ,3 )} 

(M® W D 3) 

312 

x M«iW D(2) 

/ (M®W D3 ) \ 

213 

XM»W d3{(1 ,3 )} 

(M ® Wd 3 ) 



X 



M(g)W D 3 fflD 3 



231 



/ (M®W D 3) \ 

213 

Xm®W d3{(1j2)} 

(M®W D3 ) 

123 / 

X «®W D (2) 

/ (M®W D 3) \ 

321 

Xm<8.W d3{(1j2)} 

{M®W D 3) 

312 



321 

XM(8.W D 3 {(2 ,3 )} 

(M®W D3 ) 

231 



•M®W D (2) 



/ (M®W D 3) \ 

132 

XM(8.W D 3{ (2i3) } 

(M® W D 3) 

123 



C 1 X M «iW D(2) C 1 : 

/ (M®W D3 ) \ / (M(g>W D 3) \ 

321 132 

: X M«.W d3{(2j 3 )} X M ®W D(2) X M«.W D 3 {(2j3)} 

(M<g>W D3 ) J I (M®W D3 ) 

\ 231 / \ 123 / 

(M ® W D2 ) x M ®w D(2) (M <8> 

C" : (M ® W^) x M ®w D(2) (M ® W D2 ) -> M ® Wr> 
m succession. 
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2. We will write the morphism 

A*231 — *213) — (*312— *132) 

r 2 2 



132 

X M<g>W D 3 {(lj3)} 

(M(g>W D3 ) 

312 

XM®W D(2) 

/ (M®W D3 ) \ 



213 

xm»w d3{(1 , 3)} 
(MO W D 3) 

231 



/ (M®W D3 ) \ 

321 

XM®W I3 3 {(2>3)} 

(M(g)>V D 3) 

231 / 

X M0W D( 2) 

/ {M®W D 3) \ 

132 

XM®W I3 3 {(2>3)} 
\ 123 



XM®W D 3 



9D 3 



; M0W D 3 eD 3 



/ (MO>V D 3) \ 

213 

Xm<8.W d3{(1j2)} 

(M® W D3 ) 

123 

X «®W D (2) 

/ (M0W D3 ) \ 

321 

XM<g.W D3{(1>2)} 

(M® W D 3) 

312 
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for the composition of morphisms 

_A 

(M®W D 3 ) 

/ {M®W D *) \ 

321 

XM®W £ , 3{(2>3)} 

(M ® Wd-i) 

231 

x Af®W D( 2) 

/ (M®W D3 ) \ 

132 

X M«.W £ ,3 {(2 . 3)} 

(M® W D s) 

123 



XM®W D s eD 3 



/ (M®W D s) \ 

132 

Xm»W d3{(1 ,3 )} 

(M® W D 3) 

312 

x M«iW D(2) 

/ (M®W D3 ) \ 

213 

XM»W d3{(1 ,3 )} 

(M ® Wd 3 ) 



X 



M(g)W D 3 fflD 3 



231 



/ (M®W D 3) \ 

213 

Xm®W d3{(1j2)} 

(M®W D3 ) 

123 / 

X «®W D (2) 

/ (M®W D 3) \ 

321 

Xm<8.W d3{(1j2)} 

{M®W D 3) 

312 



132 

Xm<8.W d3{(1i 3 )} 

(M®W D 3) 

312 



•M®W D (2) 



/ (M®W D 3) \ 

213 

XM(8.W D 3 {(li3) } 

(M®W D 3) 

231 



C 2 X M«W D(2) C 2 : 

/ (M®W D 3) \ / (M®W D3 ) \ 

132 213 

: x m«.w d3{(1j 3 )} x M ®w D(2) x m«.w d3{(1j 3 )} 
(M®W D3 ) J I (M®W D 3) 

\ 312 / \ 231 / 

(M <g> W D 2) X M ®W D(2) (M ® W D 2) 

C" : (M ® W^) x M ®w D(2) (M ® W^) -> M ® Wr> 
in succession. 
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We will write the morphism 



^(*312 — *32l)~ (*123 — *213) 



'm®w d3(Sd3 



132 

Xm<8.W d3{(1j3)} 

{M®W D 3) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 



213 

xm»w d3{(1 , 3)} 
(M® W D 3) 

231 



M®W D 



( (M®W D3 ) \ 

321 

XM®W I3 3 {(2>3)} 

{M®W D z) , 

231 / 

x MOW D(2 ) 

/ {M®W D t) \ 

132 

XM®W I3 3 {(2>3)} 
\ 123 



xm®w d3 



9D 3 



; M0W D 3 eD 3 



/ (MO>V D 3) \ 

213 

Xm<8.W d3{(1j2)} 

(M(g>W D3 ) 

123 

X «®W D (2) 

/ (M0W D3 ) \ 

321 

Xm<8.W d3{(1>2)} 

(M <8> W D 3) 

312 



29 



for the composition of morphisms 

_A 

(M®W D 3 ) 

/ (M®Wz?3) \ 

321 

XM®W £ , 3{(2>3)} 

(M ® Wd-i) 

231 

x Af®W D( 2) 

/ (M(g)Wz53) \ 

132 

X M«.W £ ,3 {(2 . 3)} 

(M ® Wd-i) 

123 



132 

XM»W D 3 {(lj3)} 

(M ® W D s) 

312 

x M«iW D(2) 

/ (M®W DS ) \ 

213 

X M®W D3{(1 , 3)} 

(M® W D3 ) 



X 



M(g)W D3fflD 3 



:M0W D3ffiD3 



231 



/ (M®W D 3) \ 

213 

Xm»W d3{(1j2)} 

(M®W D3 ) 

123 / 

X «®W D (2) 

/ (M^W D 3) \ 

321 

Xm<8.W d3{(1j2)} 

(M ® W]j3 ) 

312 



/ (M®W D 3) \ 

213 

Xm<8.W d 3 {(1i2)} 

(M® W D 3) 

123 



~M(g)W£,( 2 ) 



321 

XM(8.W D 3{ (li2)} 

(M ® W D 3) 

312 



C 3 X M«W D(2) C 3 

/ {M®W D s) \ 

213 

Xm<8.W d3{(1j2)} 

(M®W D3 ) 

\ 123 / 



•M®W D(2) 



/ (M®W D 3) \ 

321 

Xm<8.W d3{(1j2)} 

(M®W D3 ) I 

\ 312 / 



(M(g>W D 2) x M ®w D(2) (M®W D 2) 



C" : (M ® W^) x M ®w D(2) (M ® W^) -> M ® W D 
m succession. 
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Theorem 34 (The general Jacobi Identity) The three morphisms 



c 



(*123— *132) — (*231— *32l) 



V 



'-m®w d3(Sd3 



( (M®W D3 ) \ 

132 

Xm<8.W d3{(1j3)} 

(M®W D 3) - 

312 / 

X M®W D( 2) 

/ {M®W D z) \ 

213 

Xm<8.W d3{(1j3)} 

(M(g)>V D s) 

231 



V 



/ (M®W D 3) \ 

321 



xm®w d3{(23)} 
(MO W D 3) 



231 

X «®W D (2) 

/ (M®W D3 ) \ 

132 

XM®W D 3 {(2j3)} 
\ 123 / 



; M0W D 3 eD3 



:M0W D3eD3 



/ (M®W D3 ) \ 

213 



XM®W d3{(12)} 

{M®W D s) 

123 

X M®W D(2) 

/ (M®W D3 ) \ 

321 

Xm®W d3{(12)} 

(M®W D 3) 



312 
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(*231 — *213) — (*312— *132) 



V 



XM®W D 3 eD 3 



/ (M®W D 3) \ 

132 

XM<8.W d 3 {(1j3)} 

(M ® W D a) 
312 

X M8W D(!) 

/ (M®W D z) \ 

213 

Xm<8.W d3{(1j3)} 

(M (g> Wd 3 ) 

231 



V 



321 

xm®w d3{(2j3)} 
(MO W fl3 ) 

231 

X M®W D(2) 

/ (M<8)W D s) \ 

132 

x M®W D 3 {(2j3)} 

(M®W D s) 

\ 123 



X 



M®W D 3 fflD 3 



XM®W D 3 eD 3 



/ (M(g)>V D 3) 

213 

xm®w d3{(1)2)} 
{M®W D s) 

123 

XM®W D(2) 

/ (M®W D3 ) 

321 

xm®w d3{(1)2)} 
(M®W D 3) 

\ 312 
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> (*312— *32l) — (*123— *213) 
f 3 3 



V 



/ (M®W D3 ) \ 

132 

XM<8.W d 3 {(1j3)} 

(M ® W D a) 
312 

X M8W D(!) 

/ (M®W D z) \ 

213 

Xm<8.W d3{(1j3)} 

(M ® Wds) 

231 



V 



321 

xm®w d3{(2j3)} 
(MO W fl3 ) 

231 

X M®W D(2) 

/ (M<8)W D s) \ 

132 

x M®W d3{(23)} 

(M ® Wd 3 ) 

\ 123 



X 



M®W d3(bd3 



sum up only to vanish. 

Proof. The proof is divided into four steps. 



XM®W D 3 eD 3 



/ (M<8>W D s) \ 

213 



xm®w d3{(1)2)} 
(M <g> W D 3 ) 

123 

X «®W D( !) 

/ (M®W D3 ) \ 

321 

xm®w d3{(1i2)} 
. (M®W D3 ) 

\ 312 / 
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1. The morphism 



(*123 — *132) — (*231— *32l) 



'm®w d3(Sd3 



132 

Xm<8.W d3{(1j3)} 

{M®W D 3) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 



213 

xm»w d3{(1 , 3)} 
(M® W D 3) 

231 



/ (M(g)W D 3) \ 

321 

X M(8,W D 3 {(2 , 3) } 

(M®W D3 ) 

231 

X «®W D(!) 

/ (M®W D3 ) \ 

132 

X M®W D 3 {(2 ,3 )} 

(M®W D s) 

123 



xm®w d3 



9D 3 



; M0W D 3 eD 3 



/ (M®W D 3) \ 

213 

X M<g>W D3{(12)} 

{M®W D 3) 

123 

X «®W D (2) 

/ (M®W D 3) \ 

321 

xm«.w d3{(1j2)} 
(M® W D 3) 

312 



is equivalent to the composition of 

id M <g> fci : M ® W G -)■ M ® W E[ i] 

id M ( 8)>V( £ ; 1 , (i2 ,(i 3 )GD 3 {(l,3),(2,3)}^(<i 1 ,0,0,0,0,d 2 ,(i3)eE[l] : M®We[i] ->■ M<8)Wd3{(i i3 ) i (2 i 3)} 
id M ® W deD ^( 0> o,d)eD3{(l,3),(2,3)} : M ® Wd3 { (i, 3)) (2,3)} -^M®Wd 

in succession, which results in 



id Af ® W de _D^ (0 ,o,o,o,o,o,d,o)eG ■ M ®W G ^ M ®W D 



M 



2. The morphism 



(*231 — *213) — (*312— *132) 



'm®w d3(Sd3 



132 

Xm<8.W d3{(1j3)} 

{M®W D 3) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 



213 

xm»w d3{(1 , 3)} 
(M® W D3 ) 

231 



/ (M(g)W D 3) \ 

321 

X M(g,W D 3 {(2 , 3) } 
(M®W D 3) 

231 

X «®W D(!) 

/ (M®W D3 ) \ 

132 

X M®W D 3 {(2 ,3 )} 
(M(g)W D 3) 

123 



xm®w d3 



9D 3 



; M0W D 3 eD 3 



/ (M®W D 3) \ 

213 



X M<g>W D3{(12)} 

{M®W D 3) 

123 

X «®W D (2) 

/ (M®W D 3) \ 



321 

xm«.w d3{(1j2)} 
(MO W D 3) 

312 



-)• M <8) W D 

is equivalent to the composition of 

id M <g> fc 2 : M ® W G -> M ® W E[2 ] 

id M ( 8)>V( £ ; 1 , (i2 ,(i 3 )GD 3 {(l,3),(2,3)}^(0,di,0,0,0,<i 2 ,(i3)eE[2] : MOWsp] ->■ M(8)W D 3{(i )3 ) ) (2 ) 3)} 
id M ® W deDh +(o,o,d)eD3{(l,3),(2,3)} : M ® Wu3{( li 3) ) (2 1 3)} -> M ®W D 

in succession, which results in 

id M ® W de _D^(o,o,o,OAO,o,<i)eG : M ® W G -> M <g> W D 
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3. The morphism 



^.(*312 — *32l) — (*123 — *213) 



'm®w d3(Sd3 



132 

X M<g>W D 3 {(lj3)} 

(M ® VVds) 

312 

XM«)W D(2) 

/ (M®W D 3) \ 



213 

xm»w d3{(1 , 3)} 
(M <8> W D3 ) 

231 



/ (M(g)W D 3) \ 

321 

X M(8,W D 3 {(2 , 3) } 

(M®W D3 ) 

231 

X «®W D(!) 

/ (M®W D3 ) \ 

132 

X M®W D 3 {(2 ,3 )} 

(M®W D s) 

123 



xm®w d3 



9D 3 



; M0W D 3 eD 3 



/ (M®W D 3) \ 

213 



X M<g>W D 3 {(lj2)} 

{M®W D 3) 

123 

X «®W D (2) 

/ (M®W D3 ) \ 



321 

xm«.w d3{(1j2)} 
(MO W D 3) 

312 



-)• M <S> W D 

is equivalent to the composition of 

id M <g> fc 3 : M ® W G -)■ M ® W £[3] 

id M ( 8)>V( £ ; 1 , (i2 ,(i 3 )GD 3 {(l,3),(2,3)}^(0,0,<i 1 ,0,0,<i 2 ,(i3)eE[3] : M<g>W E [ 3 ] ->■ M(8)W D 3{(i )3 ) ) (2 ) 3)} 
id M ® W deD ^(o,o,d)eD3{(l,3),(2,3)} : M ® W £ )3{( li 3) ) (2 1 3)} -> M <g> W D 

in succession, which results in 

id M ® W deZ 5^ ( o,o,o,o,o,o,-d,-<i)eG : M ® W G -> M ® Wd 
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4. Therefore 



A*123— *132) — (*231 — *32l) >(*231 — *213 ) — (*312 — *132) >(*312 — *321 ) — (*123 — *213 ) 

f 1 1 _|_ £ 2 2 _|_ £ 3 3 

/ (M®W D s) \ 

321 

XM ® W fl3 {(2>3)) 

(M ® Wd3 ) 

231 

X M8W D(!) 

/ (M®W D 3) \ 

132 

Xm ®W d3{(23)} 

(M(g>W D3 ) 

123 



V 



/ (M®W D3 ) \ 

132 

XM8W d3{(1j3)} 

(M® W D s) 

312 

XM«)W D(2) 

/ (M®W D3 ) \ 

213 

XM »W»3, (1 ,3H 

(M® W D3 ) 

231 

M® W D 



XM®W D 3 



©D 3 



V 



; M0W D 3 eD 3 



/ (M®W D3 ) \ 

213 

xm«.w d3{(1j2)} 
(M0W fl 3) 

123 

X «®W D (2) 

/ (M®W D 3) \ 

321 

xm»w d3{(1j2)} 
(M® W D3 ) 

312 



is equivalent to 

(idM ® Wd £ £)H-)-(d,d,<i)eD(3)) ° (idM ® VV( < j 1 ,d 2 ,d 3 )eD(3)i-^(0,0,0,0,0,0,<ii-<i3,d2-<i3)eG) 
= id M ® (WdeD^(d,d,d)£D(3) ° W(d 1 , < j 2 ,d 3 )e-D(3)^(0 : 0,0,0,0,0,(ii-ti3,(i 2 -d3)eG) 
= id M ® VKj G D^(0,0,0,0,0,0,0,0)eG 



This completes the proof. 



5 From the General Jacobi Identity to the Ja- 
cobi Identity 

Notation 35 We write 
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for the pullback of 

(M M ® W D ). d M M ® Wd 

1 -> M M 

where the right arrow M M ® Wd — ► M M is the canonical projection, while the 
bottom arrow is the exponential transpose o/idif : 1 X M = M — > M. 

Theorem 36 The composition of morphisms 

[M M ®W D ) x[M m ®Wd) Ass^ 1 (M M ® W D2 ) id (29) 
V 1 / id M V 2 / idju > 

M M ® W D 2 -> M M ® Wb(2) 
m succession is equivalent to the composition of morphisms 



id 

( M M ® W fl | x ( M M ® W D 



2 

Ass^ 1 (M M (g)>Vr.0i 



id. 



id. 



id M M <8>W ((il , da) g £) 2^ ((i2[dl) g £) 2 (M ® Wz52 ) . dM (30) 



(M M ®W D2 ) idA/ ^(M M ®W I5(2) ) idj 
in succession, so that we have 



M M ®Wd) x Af ® W D (G3BI,QI!8)) 



1 / id M V 2 / id M ► 

(M M ® W^) Mk x m m 8Wd(2) (M m ® W D2 ) idM C; (M M ® W D ). dM (31) 
which is equivalent to 

L M : f Af M ® W D J x f M M ® W D J -> (A1 M ® W D ) idM (32) 

V 1 / id M V 2 / id M 

Proof. The nontrivial part of the statement is only the equivalence of (|3ip 
and (|32|) . for which it is easy to modify the proof of Proposition 8 in §3.4 of pQ. 
■ 

The following proposition should be obvious. 
Proposition 37 We have the following two statements. 
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1. The composition of morphisms 

( (m m ® W D 2 ) x M „ Wfl(!1 (m m ®W D 2) ) x (M M 8W D ), 
M M ® ) x (M M ® Wujy Ass^ 1 (M M ® Wzja). 

v 1 Ada, ' M > 



d-M 

(33) 

(m m ® w D 3) idM (m m ® nw 1)2)} ) idM 

m succession is equivalent to the composition of morphisms 

M M ® Wn2 ) 



/ id» 



M«®W D(2) f M M ] x (M M ® W D ) 

V 2 /id„/ 

M M ® W D 2 ) x (Af M ® Wu). d Ass^ 1 (M M ® W D 3) id 

2 Ad», ' ' M ► 



id M 

(34) 

(m m ® w D 3) idM -> (m M ® nw 1)2)} ). dM 

m succession, so that we have the morphism 

( (m m ®W D 2\ x m m 8Wd(2) (m m ® W D 2 ) j x (M M ® W D ) . , 

\\ 1 /id M V 2 /id M / 

(igj (^ M ®W D3 ) idM %« Wd!((Ii!)) (^8^)^ 
which is equivalent to the morphism 

I (m m ® W D 2) x m « 8Wd(2) (m m ® W D2 ) J x (M M ® W D ) 

\\ 1 Ad M V 2 Ad M / 

C x id M M 8W ^ (M M ® W D ) idM x (M M ® W D ) idM Ass^ (M M ® 
U. T/ie composition of morphisms 

(M M ® Wz3). dM x ( (V M ® x M M®w D(2) [m m ® W D 2 



id M 



(M M ® W D ). d x ( M M ® Wfl2 J Ass^ 2 (M M ® W D 3). d 

(35) 

(M M ® W c .) t , -> (M M ® W^ {(2i3)} ). 
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in succession is equivalent to the composition of morphisms 

(M M ® W D ). dM x I (m m ® W D 2^j x m m 8Wd(2) (m m I W D 2 



(M M ® W D ) idM x ( M M <g> W D 2 J Ass^ (M M ® W D3 ). d 

V 2 / id, r ^ 



(36) 



m succession, so that we have the morphism 

(M M ® W D ). dM x ^ (M M ® x m m 0Wd(2) (m m I W D2 

(WjgPj (M M ®W D s). dM x m m^ 3{(23)} (M M ®W D 3). dM 

C^(M A ^W c2 ) idM 

which is equivalent to the morphism 

(M M ® W D ) x ( (m m ® W D2 ) x m m^ Wd(2) (m m ® W D2 ) J 

\V 1 /id M V 2 /id Jf / 

C x idAfM^w x (M M ® W D ). dM x (M M ® W D ). dM Ass^ (Af M ® W D 

Notation 38 We introduce the following fifteen morphisms: 
1. 

X* 1 ■ \ M M ® Wd) x ( M M ® Wd J x ( M M ® W D ] -> 

V 1 /id M V 2 / idM V 3 / idj/ 

M , 



Af ® >V D 
as the canonical projection 



2. 



1 / id M V 2 / idM V 3 

rM 



M ® >V D i 

id A 

as £/ie canonical projection. 
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3. 



C* 3 : ( M M ®W D ) x M M ®W D ) x M M ®W D \ -> 

id M V 2 / id M \ 3 / id M 



3 



f ' 1 -' ' 

id M 

as the canonical projection. 



as 



X* 12 : ( M M ® Wd ) x ( M M ® W D ] x ( M M ® W D ) 

V 1 /idM V 2 /id M V 3 A 



M M ®W D ) x ( M M ®Wb] x ( M M ® W D 

id M 



djvi 



-> ( M M ® W D ) x 

5. 



(m m ® Wd) Ass]^ 1 (M m ® VM ;dM 

id M V 2 / id M " ' 



X* 21 : ( M M ® W D x M M ® W D x M M ® W D 

1 / id„ V 2 / id M V 3 / id 



(M M ®W I)2 ). d 



idM 

as 



(V M ® W D ) x (m m ® Wd) x (m m ® Wd) 

V 1 /id M V 2 /id M V 3 / idM 

M M ®W D ) x[M m ®Wd) Ass 1 ^ 1 (M m ®W D 2). 

2 /id M V 1 /id M ► 



6. 



id M M W(d u d 2 )eD^(d 2 4i)eD^ [M ®W D 2).^ 



X* 13 : \ M M ® W D ) x (m m ® W D ) x f M M 

V 1 /id M V 2 /id M V 

(M M eg) W D 2 



3 



id,. 



' idM 

as 

M M ®W D ) x[M m ®W d ) x[M m ®W d 

1 / id M V 2 / id M V 3 / idM 



-> ( M M ® Wu ) 



M M ®W D ) Ass^ 1 (M m ® W D2 ). d 

3 /id M ► 
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7. 



X* 31 : ( M M <g> Wd ) x ( M M <g> W D ] x ( M m <g> W D J 

N 1 /idjv, V 2 /id M V 3 / idM 



(M M ®W D 2) id 



idM 

as 



M M ®W D x [ M M ® Wd ) x (M M ®W D 
1 Ad M V 

-> ( M M ® Wd ] x 



idM 



(m m ® Wd) Asg (M M ® VM idjl 

[ -,/ V 1 / id M ^ 



iyg^^^p^^AiEff (^ M ® W^); 



X* 23 : (^M M ® Wd ) x|M M ®W D ] x ( M ® Wd 
(M m ®Wd2). 

as 

M M ® Wd] x(m m ®Wd) x ( M m ® Wd 



id M 



9. 



^(m M (8)Wd) x(m m ®Wd) Ass 1 ^ 1 (M M ®WD2) id 

V 2 /idM V 3 /id M ^ 



X* 32 : [M M ® W D ) x ( M M <g> Wd J x ( M M <g> Wd J 
V i /id„ V 2 Ad M V 3 7; 



(M m ®WdO id 



id M 

as 



M M ® Wd x M M ® Wd x f M M ® Wd 



id M X " / id M \ 3 / ic j M 



— > ( M M Wd j x(M M (8)Wd) Ass^ 1 (M m ® W D 2) H 



id M X z /id 

id M M ®W {dud2)eD 2^ {d ^ dl)eD 2^ (M M O W D 2) idj( 



X* 123 : ( Af ® Wd ) x ( M (S> Wd ) x M M <g> Wd 

2 / id M V 3 / idM 



(M M ®W D3 ) 
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as 



Ass^ 1 ' 1 : f M M ® W D ) x [M M ®Wd) x ( M M ® W D 



id M \ / id M \ J / id M 



X* 132 : ( M M ® Wd) x f M M <g> Wd] x ( M m ® W D ) 

V 1 /id M V 2 /id M V 3 / idM 

-> (M M ®>V D 3). 



as 



M M ®W D x M M ®W D x M M ® Wzj 

1 / id M V 2 / id M \ 3 ' id M 

M M ® Wb] x ( M M ® Wd] x ( M M ® W D ] \>s J u 



M 

id M \ J / id M V z / id M * 

(M M ® Wbs).^ id M M W( rfl , d2 , d3 )g g :^( rfl , d3 ^ 2 )g g 3 (M M ® W fl s). di 



X* 213 : ( M M ® Wd] x ( M M ® Wd] x ( M m ® W D ] 

V i /id M V 2 /id M V 3 / idM 



(M M ®W D3 ). d 



idM 

as 



1 / id M V 2 / id M V 3 / idM 

-> ( M M ® W D ) x f M M ® Wd) x f M M ® Wr> J Ass^ 1 ' 1 

V 2 / id M V 1 / id M V 3 / idM X 

(M M ® W^).^ id M M W(d 1 ,d 2 ,d3)g 3^(rf 2 ,d 1 ^ 3 )g g 3 (M M ® W D3 ) idj 



i5. 



X* 231 : M M ®W D x M m ®W d x M M ® W D 

V 1 / id M V 2 / id M V 3 .■ ,,, 

as 

M M ® W D ) x ( M M ® Wd) x ( M M ® Wu 

1 / id M V 2 / id M V 3 / idM 

M M ®W D ) x(m m ®Wd) x(M M ®Wi5) Ass^ 1 ' 1 

2 / id M V 3 / idM \ 1 / idM X 

(M M ® W D 3). dM id M M W(d 1 ,d 2 ,d 3 )g g 3^ (rf2 ^ 3 ^ l) g g 3 (M M ® Wfl3). di 
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14. 



x *312 . f M M ® Wd \ x ( M M ® Wd \ x ( M 

V 1 J id M V 2 /id M v 



d M \ 3 / idM 



(M M ®W D3 ). 



as 

M M ®W D ) x ( M M (g>W D ) x (M M (g>W D 

id M \ 2 / id M ^ 3 / idj 

.W !? Wd| x(M m ®W d ) x(M M <S>Wr,) Ass^ 



id M V 1 / id M 

(M M ® Wbs).^ id M M W {dl42id3)eD3 ^ {d34l42)eD 3 (M M ® W D3 ). dj 



i5. 



X* 321 : (m m ® Wr^ 

-> (M M Cg) Wjjs). 



x ( M M ®W D ) x I M M ® W D 

idM \ / idM 



as 

M M ® W D ) x ( M M ® W D ) x ( M M ® Wu 

1 / id M V 2 / id M V 3 / id 

M M ® W D ] x ( M M ® W D ] x ( M M ® Wd) Ass^ 1 ' 1 

3 /id M V 1 /id M V 2 /id M 

(M M ® W^).^ id M M W( dl , d2 , (i 3 ) g £) 3^ ((i 3, dl|da) g £) 3 (M M ® W fl3 ) id 

Lemma 39 We /iGwe f/ie following statements: 
1. The composition of morphisms x* 321 an d 

{M M ® W B s) idM -> (M M ® W z>M(2 , 3)} ) idM 
zs equivalent to the composition of morphisms x* 231 

(M M ® W B3 ) idM (M M ® Wz,s {(2i3 ) } ) idM 
so that we have 

M M ®Wd) x[M m ®W d ) x(m m ®W d 

1 / id M V 2 / id M V 3 /id 

(x* 321 ,X* 231 ) (M M ®W Di ) x M M 8 w D 3 {(2 , 3)} ( MM ® W ^ 3 )id M £ ( MM « 

(37) 
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which is equivalent to 

(m m ®Wd) x(m m ®Wd] x[M m ®W d 
V i /id M V 2 J idM \ 3 

((x* 32 ^* 23 )^* 1 ) 

((M M ®W D2 ). dM x m m« Wd(2) (M M ®W D2 ). dM ) x (V f ®W D ) 
C~ x id M M®w„ (A/ M ® W D ). d x f M M ® ) Ass*'/ (M M ® W 



id A _ 

"d 2 



id M M g W (dl:rf2)gD 2^ (d2:rfl)eZ3 2 (M ®W D 2) . dM (38) 

£?. The composition of morphisms x* 132 an d 

(M M ® W B 3) idA/ (M M ® W D 3 {(2 , 3)} ) idA/ 

is equivalent to the composition of morphisms x* 123 anc ^ 

(M M <g> W D3 ). dM -> (M M ® W z? 3 {(2 , 3)} ) idM 

so that we have 

M M ®W D ) x[M m ®Wd) x(m m ®W d 
(x* 132 ,X* 123 ) (M M ®VM. dM X m m 8Wd3{(23)} (A^®W D3 ) idM 

C^(M M ®W D2 ). dM (39) 
which is equivalent to 



1 / id A/ V 2 / id M V 3 / id A 

(x*\(x* 32 ,x* 23 )) 

M M W D ) x ((M M ® W D2 ). dM x m m 8Wd(2) (M m ® VM id J 
mm 0Wd x C (m m ® Wr,) x (M M ® W D ). d Ass^ 1 (M M ® W D 2 



id 



id A _ 

(40) 



3. The composition of H38\) and 
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equivalent to the composition of and 



(M M ® VM id -»• [M M ® W D(2) ). 



so i/iat we feave 



id A 



rM 



idji 



((x* 321 ,x* 231 ),(x* 132 ,x* 123 )) 



/ ( MM 



\ 



M <g) Wz33 

321 / id M 



M M ® Wr,3 



\ / I \ f>< 



V 



-M <g) Wi53 

132 / idM 

XmM0W d3{(? ,3) } 
M M Wns 



D 3 

123 / id. 



231 /id M I 

C 2 x m m 8 w d(2) C 2 (M M ®W D2 ) idM x m m^w d(2) (M M ®W D2 ) idM C (^ M ®W^) idA 



(41) 



which is equivalent to 
M m ®Wd) x{m m ®W d ) x[M m ®W d ) id 



idM [ MM fW° 

(m m <g> W C ) x (M M ® yV D ) idu Lm (M m ® W D ). dM (42) 

\ 1 / id M 

Proof. The first and the second statements follow from Proposition[371 The 
last statement follows from Theorem [351 ■ 

Lemma 40 We have the following statements: 

1. The composition of morphisms x* 132 an d 

in succession is equivalent to the composition of morphisms x* 312 an d 

(M M ® W D3 ). dM -> (M M ® W^ {(1)3)} ) idM 
m succession, so that we have 



x Lm 
> 



id,. 



M M ®W D ) x ( M M ®W D ) x ( M M <g> Wr. 



id a 



id a 



(X* 133 ,X* 313 ) (M^® Wz5 3) idM x m m 8Wd3{(i3)} (M A ^W D 3) idM C; (M^®W D2 ) idM 

(43) 



4G 



which is equivalent to 



1 / id M V 2 / id M V 3 / id a 

((x* 13 ,x* 31 ),x* 2 ) 

((M M ®W D2 ) idM x m m«w d(2) (M M ®W D2 ) idM ) x (m m ®W d ) 

\ 2 / id M 

C 1 x id M M 0WD (M M ® W D ). d x (m m ® Wd) Ass^ 1 (M m ® W D2 ). 

^ a/ V 2 Ad., — >• 



(M M ®W D2 ) idM (44) 
2. The composition of morphisms x* 213 an d 

(M M ® W D a). dM (M M ® W^ {(li3)} ) idM 

is equivalent to the composition of morphisms x* 231 an d 

(M M ® W D a). dM -> (M M ® W B 3 {(1)3)} ). dM 
m succession, so that we have 

M M ®Wd] x\M m ®Wd) x[M M ®Wn 

1 / id M V 2 / id M V 3 / id A 

(x* 213 ,X* 231 ) {M M ®W D ,). idM x M « 8WoS((y)| {M M ®W D ,). idM C» (M M ®W D : 

(45) 

which is equivalent to 
M M ®Wd] x[M m ®Wd) x[M M ®Wn 

1 / id M V 2 /id M V 3 

(x* 2 ,(x* 13 ,x* 31 )) 

(m m ® W D ) x ((M M ® W D2 ). dM x m m^ Wd(2) (M m ® W^Omm) 
id M "0W o x C~ (m m 8 Wr>) x (M M ® W D ) idu Ass^ (M M ® W D2 ) idM 



(46) 



3. The composition of \44^ an d 

(M M ®W D ,). idM ^(M M ®W D{2) ).^ 
is equivalent to the composition of J^ffi ) and 

(M M ®W D .) idM ^(M M ®W D{2) ) idt 
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so that we have 



M M <g> W D I x\M m ®W D \ x I M M <g> Wr> 



ids 



r M 



((x* 132 ,x* 312 ),(x* 213 ,x* 231 )) 



M ® W D3 

132 



\ 



Xmm®W d3{(1 „3,} 



V 



M M (g) W D 3 



/ I M M ® W D3 



X M M ®W D (2) 



id M ' 



213 



id,. 



V 



x m m ®w d3{(Ji3)} 

/ ida 



M M <g> Wn3 



/ 



C 2 *m^w c(2) C 2 (M M ®W^) idM x« M W D(!) (M M ®W D2 ) idAf C; (M M ®W fl ). dM 

(47) 

which is equivalent to 



M M 8Wb) x |M M ®W D ] x ( M M <g> W D 



id,. 



rM 



ida 



ida 



M M ig) W D ) x [M 1VJ ®W D \ x I M iU ® W D I id 



ida 



rM 



rM 



x L 



M 



[M M ® We J x (M M ® W£.) id (M M ® W D ). d 



(48) 



Proof. The first and the second statements follow from Proposition[37] The 
last statement follows from Theorem 1361 ■ 

Lemma 41 We have the following statements: 

1. The composition of morphisms x* 213 an d 

(M M <g> W D s). dM -> (M M ® W B 3 {(1 , 2)} ) idA/ 

is equivalent to the composition of morphisms x* 123 an d 



(M M ® W D a) -> (M M (8) W D 3 {(lj2)} ). 



so £/W we /tare 



M M ®W fl ] x I M M <g> Wd ) x I M M ® W 



id M 
M 



rM 



idM 



rM 



idif 



(x* 213 ,X* 123 ) (^ M ®W fl 3). dM x m m 8Wd3{(23)} (M M ®W B s). d 



C» (M M ®W D2 ). d 



(49) 



which is equivalent to 

(m m ®Wd) x[M m ®Wd) x[M m ®Wd 
V i Jid M V 2 J idM \ 3 

((x* 31 ,x* 12 ),x* 3 ) 

i{M M ®W D ,) x m m 8Wd(2) (M M ®W D2 ) ) x (m m ®W d \ 
C~ x id M Af 0Wo (M M ® W D )., x ( M M ® ) Ass*'/ (M M <g> W D A 

^ M V i /id, r — ► 



d M M W {dud3)eD 2^ {daidl) £ D 2 (M ® W D 2 ) . dM (50) 



S. TTie composition of morphisms x* 321 an d 

(m m ® w D 3) idA/ [m m ® w^ {(2)3)} ) idi 

is equivalent to the composition of morphisms x* 312 an d 

(M M ® W B 3) Ma/ (M M ® W B 3 {(2!3)} ) idj 
so t/iai we /icwe 



M M 0>V D x M M ® W D x Af ® W D 

1 / id M V 2 / id M V 3 / id Af 

(x* 321 ,X* 312 ) (M m ®W d3 ). iAm x m .. 8 w d3(m1 (M M ®W D s) ldM Q (M M ®W D *) idi 

(51) 

which is equivalent to 



M M ®W D ) x M M ® Wd) x M JM ® W D 

1 / id M V 2 / id M V 3 / idjv 

(x* 3 ,(x* 21 ,x* 12 )) 

(V f ® Wc) x ((M M ® W D2 ) idM x m m^w d(2) (M M ® VM id J 

V 3 / id M 

id M «®w D x C - (m m ® W D ) x (M M ® W D ) Ass*;/ (M M ® Wu>),. 
-> V 3 / idM ► 

(52) 

5. T7ie composition of H50\) and 

(M M ®W D *) iiM ^(M M ®W Dm ) idM 
is equivalent to the composition of \5'J\) and 

(M M ®W D *). dM ^(M M ®W D(2) ). dM 
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in succession, so that we have 



M M ®W D \ x ( M M ®W D \ x I M m <g> W D 



id. 



rM 



rM 



((x* 213 ,x* 123 Mx* 321 ,x* 312 )) 



V 



M M (g) W D 3 

213 

X « M ^(( V i)] 



\ 



X MM 



M«0W D(2) 



M M ® W D s 

321 

X mm 



id. 



V 



« M W D 3 {( ;, 3)) 



M M ® W D 3 



312 



id M ' 



C 3 x m m 8Wo(2) C^ (M M ®W D2 ) idM Xmm^w d(2) (M M ®W D2 ). dM Q (M*®Wz,) w 
" (53) 
which is equivalent to 



M M ®W D | x I M iu ® W D I x I M M <g> Wz> 



id. 



rM 



M M ®W D ) x [M m ®W d ) x ( M M ®W D ) id 



id,. 



rA/ 



id a 



rM 



id a 



Af « ®W D 



(m m ®Wd) x (M M <g) W D ). d Lm (M m ® W D ). a 



x L M 
> 



(54) 



Proof. The first and the second statements follow from Proposition[37l The 
last statement follows from Theorem [36l ■ 

Theorem 42 (The conventional Jacobi Identity) We have the following two 
statements: 

1. The three morphisms J^7| ) and \5S\) sum up only to vanish. 

2. The three morphisms fjjfy and sum up only to vanish. 
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Proof. We apply the general Jacobi identity to the morphism 



M M ®W D ) x I M M ®W D \ x I M M <g> W D 

id M V 2 / id M V 3 / ;<j M 

X* 321 



Xm®W d 3 {(2i3)} 

X* 231 
Xm®W d(2) 
X* 132 

XM®W d3{(2 , 3)} 

X* 123 



xm®w d3{(1i3)} 
X* 312 

X M(g>VVr>( 2 ) 

X* 213 
x m®w d3{(13)} 

v *231 



X' 213 

X M(g,W D3{(1 , 2)} 

X* 123 

X M«W D(2) 

X* 321 

X M(8,W d3{(1 , 2) j 

v *312 



/ (M®W D 3) \ 

321 

XM®W d3{(2 ,3 )} 

(MO W D3 ) 

231 

X M«Wd (2 ) 

/ (M®W D3 ) \ 

132 

XM®W D 3{ (2i 3 )} 

(M®W D3 ) 

\ 123 / 



/ {M®W D z) \ 

132 

X M®W d3{(1i3)} 

, {M®W D t) , 

\ 312 / 

XAf®W D(2) 

/ (M®W D3 ) \ 

213 

xm®w d3{(1i3)} 

231 



V 



/ 



( {M®W D s) \ 

213 

: M®W D 3 {(li2)} 

\ 123 / 

X M®W D(2) 

/ (M0W D3 ) \ 

321 

xm®w d3{(1i2)} 

312 



V 
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so as to obtain the first statement. The second statement follows directly from 
the first by Lemmas [33 gD] and El ■ 
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